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We develop a quantum optical formalism to treat a two-dimensional array of atoms placed in
an optical cavity. Importantly, and in contrast to typical treatments, we account for cooperative
dipole-dipole effects mediated by the interaction of the atoms with the outside, non-cavity-confined
modes. Based on the observation that scattering to these modes is largely inhibited due to these
cooperative effects, we construct a generic formalism, independent of the specific cavity structure,
and apply it to an array of non-saturated atoms. By further considering the atomic motion, we show
that the inhibited damping can lead to a favorable scaling of the optomechanical parameters of an
atom-array membrane placed within a cavity. The developed formalism lays the basis for further
investigation of many-body QED with atom arrays in transversely confined geometries.
I. INTRODUCTION
Quantum optical platforms which exhibit strong light-
matter interactions play a crucial role in the study and
application of various quantum phenomena and technolo-
gies. Spatially ordered arrays of laser-trapped atoms, as
can be realized e.g. in optical lattices or tweezer arrays
[1–5], were recently considered as promising such plat-
forms on the basis of their cooperative response to light.
For lattice constant smaller than the wavelength of light
(Fig. 1a), dipole-dipole interactions between the atoms
become important. This, together with the lattice trans-
lational symmetry, gives rise to collective dipole excita-
tions of the array whose interaction with light is highly
directional (Fig. 1b). Strong light-matter interaction
then occurs for light frequencies close to the cooperative
resonance associated with the collective dipole modes, as
can be characterized by the extremely strong reflectivity
of a two-dimensional (2D) array, which was recently pre-
dicted [6, 7] and also observed experimentally in an op-
tical lattice [8]. Other interesting potential applications
include efficient couplers of collimated photons to sin-
gle atoms [7, 9], enhancement of quantum memories and
clocks [10–12], quantum communication [9, 13], waveg-
uiding and subradiance [7, 10, 14, 15], topological pho-
tonics [16–18], lasing [19], and optomechanics [20, 21]
A different, well-established technique for achieving
strong light-matter interaction is that of cavity quan-
tum electrodynamics (QED), where atoms are trapped
inside or near an optical cavity. For an ensemble of
many atoms strongly interacting with a common, cavity-
confined mode, this has led to the exploration and ap-
plication of strong collective effects in e.g. many-body
physics [22–27], quantum optomechanics [28], and quan-
tum metrology [29, 30]. From the theory side, in contrast
to the collective treatment of the interaction of atoms
with the common confined cavity mode, their interac-
tion with the outside, non-cavity-confined modes is typ-
ically considered at the individual atom level, resulting
in a competing incoherent process of dipole-like emission
(b)(a)
𝑎 ≲ 𝜆ො𝜎𝑛
𝑧
𝑦
𝑥
ො𝜎𝐤⊥
𝐤⊥
𝛾 + 𝛤𝐤⊥
𝑦
𝑥
𝑧
FIG. 1: Light-matter interaction of a 2D atom array. (a) An
array of two-level atoms (σˆn for atom n) spans the xy plane
with lattice spacing a . λ, λ being the wavelength of the rel-
evant light mode. (b) Dipole-dipole interactions between the
array atoms lead to the formation of collective dipole modes,
σˆk⊥ , characterized by the wavevector k⊥ = (kx, ky) [Eq.
(14)]. Correspondingly, radiation is directed from these col-
lective dipoles only to field modes with a matching wavevector
k⊥ at a cooperative emission rate γ + Γk⊥ .
and damping from each atom (Fig. 2a). However, when
the atoms are close enough to each other, multiple scat-
tering (via dipole-dipole interactions) prevails, and col-
lective effects due to the interaction even with the out-
side modes becomes important. This may have dramatic
effects especially when the atoms are spatially ordered,
where the emission can become highly directional (Fig.
1b), so that the damping via scattering to outside, non-
confined modes may be completely eliminated (Fig. 2b).
The latter suggests that many-atom cavity QED using
ordered atomic arrays may lead to new regimes and op-
portunities.
The goal of this paper is to provide a general theoreti-
cal framework for the description of cavity QED with or-
dered 2D atomic arrays. Such a formalism has to account
for collectivity of atom-photon interactions at the level
of both the confined cavity modes and the outside, non-
confined modes. The treatment of the latter, collective
interaction with non-confined modes, in an approximate
manner which is independent of the cavity structure, is
the main challenge addressed by this work. Restricting
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FIG. 2: Many-atom cavity QED: interaction with the out-
side, non-confined modes. (a) For a dilute cloud, atoms in-
dependently emit radiation to the non-confined modes at an
individual-atom rate γ, typically approximated by that in free
space. (b) For an ordered atom array excited by the trans-
versely confined cavity mode, the cooperative emission is di-
rected into the cavity. Decay to outside, non-confined modes
is therefore inhibited. The dispersive interactions between
the atoms, dominated by near fields with longitudinal extent
ξ  cavity length, are essentially unaffected by the cavity
structure.
the current work to the case of non-saturated atoms, we
illustrate our formalism by analyzing the optomechani-
cal response of the system. We find favorable scalings of
the corresponding optomechanical parameters compared
to the case of disordered atomic ensembles. The latter
is a direct consequence of the directionality of the co-
operative emission, demonstrating the significance of the
developed approach.
The paper is organized as follows. After introducing
the model (Sec. II) and the resulting dynamical equa-
tions for a motionless ordered array of non-saturated
atoms (Sec. III), we move to the heart of our formalism
in Sec. IV. The latter contains a discussion of the generic
physical approximation that allows for a consistent treat-
ment of cooperative effects in atom arrays due to the non-
confined modes. Application of this approximation to the
array-cavity dynamics for motionless atoms is briefly dis-
cussed. The rest of the paper is devoted to illustrating
our approach when atomic motion is included, leading to
an analysis of the optomechanics of the system. After re-
visiting the dynamical equations including motion (Sec.
V), we focus on the case of large atom-cavity detuning
(Sec. VI). This leads to a multimode optomechanical de-
scription of the system (Sec. VII), which is subsequently
mapped onto the standard cavity optomechanics model
(Sec. VIII). Finally, our conclusions are presented in Sec.
IX.
II. SYSTEM AND MODEL
The system we consider is depicted in Fig. 3 and is
comprised of the following parts.
ො𝑎𝜇
Ƹ𝑐𝑘
𝑦
𝑥
𝑧
𝑧0 0−𝑙/2 𝑙/2
Ƹ𝑧𝑛
〗 〗ො𝑎𝑤
𝑎
ො𝜎𝑛
{𝜇} ∈ nc
FIG. 3: Quantum optical model of an atom array inside a
cavity, see text in Sec. II.
A. Atom array: internal and external degrees of
freedom
The atoms are modeled as two-level atoms with lower-
ing operators σˆn (n = 1, ..., N) and corresponding dipole
matrix element ded (with unit vector ed) trapped in a 2D
lattice potential and spanning the xy plane at z = z0. For
concreteness we assume that the xy positions r⊥n form a
square lattice with lattice spacing a . λ (Fig. 1a, λ be-
ing the wavelength of the cavity mode), but the results
are straightforwardly generalized to other subwavelength
lattices [7]. The array is taken to be effectively infinite,
which is valid for small enough cross section of optical
modes [7, 21]. Assuming very tight trapping in the xy
plane, we consider the motion of the atoms only along
the longitudinal direction z, with a small-amplitude mo-
tion zˆn around the identical equilibrium position z0 (total
longitudinal coordinate z0 + zˆn for atom n). We assume
harmonic longitudinal trapping potential with frequency
ωm and zero-point motion x0 =
√
~/(2Mωm), M being
the atomic mass. The usual transformation to mechani-
cal bosonic modes bˆn is given by
bˆn =
1
2x0
(
zˆn +
i
Mωm
pˆn
)
, (1)
with pˆn the momentum of an atom n along z.
B. Cavity mode
Assuming that the typical cavity frequency spacing
pic/l is much larger than the typical frequencies of the
relevant dynamics, we can consider only a single relevant
cavity mode with a lowering boson operator aˆ and a nor-
malized mode profile, taken e.g. to be a Gaussian mode
with frequency ωc = cq = c2pi/λ and waist w,
u(r) =
√
1
piw2l
w
w˜(z)
e
− r
2
⊥
w˜2(z)
(
eiq
r2⊥
2R(z) ei[qz−ψ(z)] − c.c
)
ed.
(2)
Here r = (r⊥, z) (r⊥ = |r⊥|), the polarization is
ed⊥ez and the beam parameters are given by w˜(z) =
w
√
1 + z2/z2R, R(z) = z(1 + z
2
R/z
2) and ψ(z) =
3arctan(z/zR), with zR = piw
2/λ. We further assume
that the atomic longitudinal positions are well within the
Rayleigh distance, z0, |zˆn|  zR, such that we may take
ψ(z)→ 0, R(z)→∞ and w˜(z)/w → 1 in u(r⊥n , z0 + zˆn).
C. Outside and non-confined modes
The photon modes that are not confined by the cavity
consist of two types. The first is the subset of modes
whose transverse profiles do not spatially match the cav-
ity mirrors (e.g. being wider), including non-paraxial
components. These transversely non-confined modes di-
rectly interact with the atoms and are referred to in the
following as the non-confined modes, with mode indices
{µ} ∈ nc (“nc” standing for non-confined) and corre-
sponding annihilation operators, frequencies and mode
functions aˆµ, ωµ and uµ(r) = uµ(r) ·ed, respectively (the
latter already projected onto the atomic dipole orienta-
tion ed). In addition, the finite mirror reflectivity allows
for the out-coupling of the cavity mode aˆ to a second type
of outside modes, i.e. a 1D continuum of running paraxial
modes with the same, transversely confined profile of the
cavity modes. This 1D continuum, with mode functions
eikz/
√
L (L → ∞), frequencies ωk = |k|c and annihi-
lation operators cˆk, merely gives rise to cavity damping
and do not interact with the atoms directly.
D. Hamiltonian
Following the above considerations, the Hamiltonian
of the full system reads,
H = HA +HC +HR +HAC +HAR +HCR,
HA = ~ωa
∑
n
σˆ†nσˆn +
∑
n
[
1
2
Mω2mzˆ
2
n +
pˆ2n
2M
]
,
HC = ~ωcaˆ†aˆ+ ~
(
Ωe−iωLtaˆ† + h.c.
)
,
HR =
∑
µ∈nc
~ωµaˆ†µaˆµ +
∑
k
~ωk cˆ†k cˆk,
HAC = −~
∑
n
[
ign
(
eiq(z0+zˆn) − h.c.
)
aˆσˆ†n + h.c.
]
,
HAR = −~
∑
n
∑
µ∈nc
[
igµ(rˆn)aˆµ(σˆ
†
n + σˆn) + h.c.
]
,
HCR = ~
√
κc
c
L
∑
k
(
cˆkaˆ
† + h.c.
)
, (3)
with the dipole couplings,
gn =
√
ωc
2ε0~piw2l
de−(r
⊥
n /w)
2
,
gµ(rˆn) =
√
ωµ
2ε0~
duµ(rˆn). (4)
Here, HA and HC are the atom and cavity Hamiltoni-
ans including the laser drive of the cavity mode (via the
mirrors) with amplitude Ω and frequency ωL, and where
HAC is their interaction. HR is the reservoir Hamiltonian
consisting of the outside modes, with HAR the coupling
of the atoms to the non-confined modes {µ} ∈ nc and
HCR the out-coupling of the cavity mode with couplings√
κcc/L. The atomic coordinate rˆn = (r
⊥
n , z0 + zˆn) ap-
pears as an operator due to the dynamical variable zˆn.
III. HEISENBERG-LANGEVIN EQUATIONS
FOR NON-SATURATED ATOMS: WITHOUT
MOTION
At the first stage, we consider the atom array in the
absence of motion, zˆn, pˆn → 0. Following standard meth-
ods we begin by writing the Heisenberg equations of mo-
tion for the operators aˆ, σˆn, aˆµ and cˆk. Solving formally
for the reservoir modes aˆµ and cˆk and inserting the so-
lution into the equations for σˆn and aˆ, we assume weak
couplings gµ and the separation of timescales (Markov
approximation) [21, 31]
1
ωL
,
La
c
 τs, (5)
where La = a
√
N is the size of the atomic system and
τs the typical timescale of the envelope of the internal
atomic states. The resulting Heisenberg-Langevin equa-
tions of motion are
˙˜a =
(
iδc − κc
2
)
a˜− iΩ− i2 sin(qz0)
∑
n
g∗nσ˜n + Fˆc(t),
˙˜σn = iδσ˜n − i2gn sin(qz0)a˜−
∑
m
Dnmσ˜m + Fˆn(t), (6)
with the relevant operator envelopes and frequency de-
tunings in a laser-rotating frame
σ˜n = e
iωLtσˆn, a˜ = e
iωLtaˆ, δ = ωc−ωa, δc = ωL−ωc.
(7)
In the equation for σ˜n the atomic dipolar excitations are
linearized by taking σˆzn = σˆ
†
nσˆn− σˆnσˆ†n → −1 (atoms far
from saturation). The dipole-dipole interaction kernel,
Dnm = D(r
(0)
n , r
(0)
m ), (8)
with r
(0)
n = (r⊥, z0) denoting the equilibrium ordered-
array positions, is mediated by the vacuum of the non-
confined modes and is defined via
D(r, r′) =
∑
µ∈nc
[
gµ(r)g
∗
µ(r
′)
∫ t
0
dt′e−i(ωµ−ωL)(t−t
′)
−g∗µ(r)gµ(r′)
∫ t
0
dt′ei(ωµ+ωL)(t−t
′)
]
, (9)
with the corresponding Langevin noise given by
Fˆn(t) = −
∑
µ∈nc
gµ(r
(0)
n )aˆµ(0)e
−i(ωµ−ωL)t. (10)
4Within the Markov approximation (5), one can typically
show that the dipole-dipole kernel mediated by a com-
plete set of electromagnetic modes is proportional to their
corresponding dyadic Green’s function [21]. Here, the set
of modes {µ} ∈ nc does not span the full space. However,
using a similar treatment, we find that D(r, r′) from Eq.
(9) can be written as
D(r, r′) = −i3
2
γλGnc(r, r
′),
Gnc(r, r
′) =
∑
µ∈nc
uµ(r)u
∗
µ(r
′)
(ωµ/c)2 − q2 , (11)
with γ = q3d2/(3piε0~) being the usual free-space spon-
taneous emission rate, and where Gnc(r, r
′), referred to
below as the non-confined Green’s function, is the com-
ponent of the dyadic Green’s function contributed by the
non-confined modes µ ∈ nc. Finally, for the reservoir
modes due to the mirror out-coupling we have as usual
Fˆc(t) = −i
√
κcc/L
∑
k
cˆk(0)e
−i(ωk−ωL)t,
〈Fˆc(t)Fˆ †c (t′)〉 = κcδ(t− t′). (12)
A. Collective dipole modes in free space
As a reference case, consider now the situation of a
fixed atomic array in the absence of the cavity (in free
space). The only relevant equation of motion in Eq. (6)
is then that for σ˜, with a˜→ 0,
˙˜σn = −γ
2
σ˜n −
∑
m 6=n
σ˜mD
fs
nm + Fˆ
fs
n (t), (13)
and where σ˜n = σˆne
iωat is now in an atom-rotating
frame. The superscript “fs” denotes that the dipole-
dipole kernel (and corresponding Langevin force) is that
mediated by free space modes (plane waves ∝ eik·r), for
which 2Re[Dfsnn] = γ is the usual spontaneous emission
rate in free space and Im[Dfsnn] is a single-atom frequency
shift which is neglected here. Moreover, Dfs(r − r′) de-
pends only on the separation r − r′ (see e.g. Appendix
A). This motivates to move to 2D Fourier modes,
σˆk⊥ =
1√
N
N∑
n=1
σˆne
ik⊥·r⊥n , (14)
where k⊥ = (kx, ky) is inside the Brillouin zone kx,y ∈
{−pi/a, pi/a}, for which Eq. (13) becomes
˙˜σk⊥ = −
[
γ + Γk⊥
2
+ i∆k⊥
]
σ˜k⊥ + Fˆ
fs
k⊥(t). (15)
This result reveals that the normal modes of the atom ar-
ray in free space and in the linear (non-saturated) regime
are collective dipole modes σˆk⊥ whose resonances are
shifted by ∆k⊥ (cooperative shift) and broadened by Γk⊥
(cooperative emission) with respect to the individual-
atom resonance ωa and γ [7]. Furthermore, the coop-
erative emission of dipole mode k⊥ is directed solely to
photon modes with the same k⊥ in the transverse di-
rection (Fig. 1b, for |k⊥| < 2pi/λ) [32]. Due to the
translational symmetry, the cooperative resonances are
diagonal in k⊥ and given by
Γk⊥ = 2
∑
n 6=1
e−ik⊥·r
⊥
n Re[Dfsn1],
∆k⊥ =
∑
n 6=1
e−ik⊥·r
⊥
n Im[Dfsn1],
∆ ≡ ∆k⊥=0, Γ ≡ Γk⊥=0 =
3
4pi
λ2
a2
γ − γ, (16)
where here n = 1 denotes the atom located at the origin
of an effectively infinite array. These cooperative reso-
nances are discussed in depth in Ref. [7], wherein an
analytic expression for Γk⊥ is found for any k⊥.
IV. GENERIC TREATMENT OF THE
NON-CONFINED GREEN’S FUNCTION
The effect of the non-confined modes on the dynamics
is encoded in the non-confined Green’s function Gnc, via
the dipole-dipole kernel D that appears in the dynami-
cal equations. The next step, which is the topic of this
section, is therefore to find a physically motivated ap-
proximation for its evaluation. Before we turn to a more
technical discussion, let us first briefly summarize the
theoretical challenge in treating the non-confined Green’s
function Gnc and the approach taken here.
The problem.— In general, in order to find Gnc and
D from Eq. (11), one has to solve for the non-confined
spatial modes uµ which depend on the cavity structure
and geometry and are hence system specific and typically
difficult to find [33]. The typical generic approximation
in cavity and waveguide QED is then to approximate D
by that in free space Dfs. E.g. for a single atom in a
cavity/waveguide, this may give a good approximation
to the decay rate to outside, non-confined modes. How-
ever, when collective effects mediated between the atoms
by these non-confined modes become important, this ap-
proximation may lead to completely wrong results. E.g.
in our case, a transversely confined collective dipole mode
of the array scatters light only into the equivalent con-
fined cavity modes; hence, its decay rate due to outside
modes is expected to vanish, in contrast to the prediction
of the typical approximation D ≈ Dfs which yields the
non-vanishing decay from Eq. (16).
Our approach.— We wish to refine the typical, free-
space generic approximation for D by considering the
following physically motivated modifications. For a col-
lective dipole mode whose spatial profile matches that
of a cavity mode, we expect: (a) Its decay rate to non-
confined modes vanishes, Re[D] = 0; (b) The frequency
shift due to non-confined modes, Im[D], does not vanish,
5and is treated using the usual approximation Dfs. Since
the dispersive shift is dominated mostly be near fields,
the latter is expected to be a good approximation for
atoms positioned not too close to the cavity mirrors, as
further explained below.
A. Physical considerations and approximation
In order to get more insight into our approach, imag-
ine that we span the space of in-plane atomic dipole po-
sitions r⊥n (n = 1, ..., N) with a set of N orthonormal
modes uα,n (α = 1, ..., N), the first of which (α = 1)
has the transverse profile of the cavity mode, u1,n =√
a2/piw2e−|r
⊥
n |2/w2 . Projecting Eq. (6) for σ˜n onto the
cavity-profile mode α = 1, we have
˙˜σ = iδσ˜ − igc sin(qz0)a˜−
∑
α
σ˜αD1,α + Fˆ , (17)
with σ˜ = σ˜α=1 and
σ˜α =
∑
n
u∗α,nσ˜n, gc =
√
ωc
2ε0~la2
d,
D1,α =
∑
n
∑
m
u1,nDnmu
∗
α,m. (18)
Here Fˆ =
∑
n u
∗
α,nFˆn and for the evaluation of gc we used
w  a to convert sums to integrals, a2∑n → ∫ dr⊥.
As usual, D1,α can be understood as an effective, non-
Hermitian dipole-dipole Hamiltonian that couples the
collective atomic-dipole modes σ˜α. Therefore, Im[D1,α]
describes the coherent, Hamiltonian process mediated by
virtual photons from the non-confined modes µ ∈ nc,
whereas Re[D1,α] describes the collective atomic damp-
ing (emission) to these non-confined modes. To under-
stand the properties of D1,α, it is sufficient to consider
the field emanating from an array of classical oscillating
dipoles wherein the polarization amplitude of a dipole at
array position r⊥n is proportional to the corresponding
confined-mode amplitude u1,n = u(r
⊥
n ) , and in the ab-
sence of the cavity mirrors (see the supplement of Ref. [7]
for details). Within this picture, the array effectively acts
as a grating for an exciting field with the cavity transverse
profile u(r⊥), denoted u(k⊥) in 2D spatial Fourier rep-
resentation. Therefore, in the emanating field, each k⊥
that is supported by u(k⊥) will be shifted by the recipro-
cal lattice vectors of the array, k⊥ → k⊥ +Qmx,my with
Qmx,my = 2pi/a(mxex + myey) (mx,y = 0,±1,±2, ...),
and with corresponding longitudinal wavenumbers
kmx,myz =
√(
2pi
λ
)2
−
∣∣∣∣k⊥ + 2pia (mxex +myey)
∣∣∣∣2. (19)
Since the emanating field can have a propagating, radi-
ated part, for which kz is real, and a non-propagating,
near-field part, with kz imaginary, we may deduce the
properties of D1,α as follows.
(a) Emission process Re[D1,α]: Considering the narrow-
band spatial frequency content of the paraxial cavity
mode u(k⊥) around k⊥ = 0, and assuming a < λ, we
observe that kz is real only for mx = my = 0 (zeroth
diffraction order) [34], so that the radiated, propagating
field has the original cavity mode profile u(k⊥), and will
be contained in the cavity (Fig. 2b). Hence, no emis-
sion and damping to the non-confined modes is possible,
Re[D1,α] = 0.
(b) Coherent dipole-dipole shifts Im[D1,α]: The non-
radiative field components, with imaginary kz, give rise
to the collective dipole-dipole shifts such as ∆k⊥ in free
space (see supplement of Ref. [7]). For a < λ, kz is
imaginary for mx,my 6= 0, 0 as explained above, leading
to near fields with a longitudinal extent ξ ∼ 1/|kz| . a
away from the array. Then, for an array at a distance
larger than λ > ξ ∼ a from the cavity mirrors, these
near fields and the coherent dipole-dipole interactions as-
sociated with them are not affected by the cavity struc-
ture (Fig. 2b). Therefore, the dispersive dipole-dipole ef-
fects should be well approximated by those in free space,
leading to Im[Dnm] ≈ Im[Dfsnm] and more specifically to
Im[D1,α] ≈ Im[Dfs1,α].
To conclude, for an array with a < λ and a cavity
length l  λ, the above physical considerations lead to
the generic approximation
Re[D1,α] = 0, (20a)
Im[D1,α] ≈ Im[Dfs1,α], Im[Dnm] ≈ Im[Dfsnm]. (20b)
We note that the same considerations should hold for
any cavity-confined mode.
B. Generalization of the generic approximation
For the cavity QED description of a motionless atom
array, it is enough to consider the conditions (20) which
are stated in terms of the Green’s function (dipole-dipole
kernel) at fixed array positions, Dnm = D(r
(0)
n , r
(0)
m ), as
illustrated in the next subsection. However, when treat-
ing the small motion of atoms around the equilibrium
array positions, the spatial derivatives of D(r, r′) around
these positions are also important (see Sec. V below),
and a more general statement on this Green’s function
is required. To this end, and since the approximation
(20) should hold for any mode whose transverse profile
matches that of the confined-cavity modes, we can write
this approximation in a more general from as
D(r, r′) ≈ Dfs(r, r′)−Dc(r, r′), (21a)
Im[D(r, r′)] ≈ Im[Dfs(r, r′)]. (21b)
The approximation (21a) is a refinement of the typi-
cal approximation for the non-confined Green’s function
D ≈ Dfs wherein we project out the contribution due to
the subspace of all photon modes whose transverse mode
profiles match the cavity mirrors and are transversely-
confined by them. This is performed by subtracting
6Dc ∝∑µ∈c uµ(r)u∗µ(r′)(ωµ/c)2−q2 from Dfs, where {µ} ∈ c is a set of
modes that span this transversely confined subspace, e.g.
the paraxial Hermite-Gauss modes (Appendix A). This
construction guarantees that condition (20a) is satisfied,
whereas the further approximation (21b) corresponds to
that of (20b).
C. Atom-cavity dynamics in the absence of motion
As a first illustration, we consider the resulting atom-
cavity coupled dynamics in the absence of motion. Start-
ing with Eq. (17), denoting ∆1α = Im[D1,α], we have
˙˜σ = iδσ˜ − igc sin(qz0)a˜− i
∑
α6=1
σ˜α∆1ασ˜α − i∆11σ˜, (22)
where we used Re[D1,α] = 0, noting that the Langevin
noise vanishes accordingly, as per the fluctuation-
dissipation theorem. From Eq. (20b) we have that the
matrix ∆αα′ is identical to that in free space and is there-
fore diagonal in the lattice momentum basis with disper-
sion relation (eigenvalues) ∆k⊥ from Eq. (16). For a
dispersion relation sufficiently flat around k⊥ = 0, such
that ∆k⊥ ≈ ∆k⊥=0 ≡ ∆ for paraxial wavevectors k⊥, we
have that the matrix ∆αα′ projected to the paraxial sub-
space, is proportional to the identity matrix. Since the
cavity mode is paraxial, we take ∆11 ≈ ∆ and ∆1α ≈ 0
[35], so that Eq. (22) together with the Eq. (6) for a˜
yield
˙˜a =
(
iδc − κc
2
)
a˜− igcσ˜ sin(qz0)− iΩ + Fˆc,
˙˜σ = i(δ −∆)σ˜ − igc sin(qz0)a˜. (23)
These equations describe the dynamics of two coupled os-
cillators, a damped cavity mode a˜, and a collective dipole
mode σ˜ (non-saturated). The latter inherits the spatial
profile of the cavity mode [Eq. (18)], so that its coopera-
tive emission to the non-confined modes vanishes and it
appears as an undamped oscillator.
V. HEISENBERG-LANGEVIN EQUATIONS
INCLUDING MOTION
The generic approximation, Eq. (20), was obtained by
considering a fixed (motionless) ordered array. However,
Eq. (20) yields a general statement on the non-confined
Green’s function, which can be used also when small-
amplitude motion around the equilibrium array positions
is considered. In this section, we first restore the mo-
tional degrees of freedom into the atom-cavity equations
of motion, which are then used to analyze optomechani-
cal effects in later sections.
Considering also the motional degrees of freedom with
operators zˆn and pˆn and using similar methods to those
described in Sec. III, the Heisenberg-Langevin equations
from Eq. (6) are generalized to include also the equa-
tion for pˆn, with an additional condition for the Markov-
approximation, 1ωL ,
La
c  λ/z˙n, yielding
˙˜σn = iδσ˜n − i2gn sin[q(z0 + zˆn)]a˜−
∑
m
σ˜mD(rˆn, rˆm)
+Fˆn(t),
˙ˆpn = −Mω2mzˆn − 2~q cos[q(z0 + zˆn)]
[
gna˜σ˜
†
n + h.c.
]
−
∑
m
[
A(rˆn, rˆm)σ˜
†
nσ˜m + h.c.
]
+ fˆn(t),
˙˜a =
(
iδc − κc
2
)
a˜− iΩ−
∑
n
g∗n
(
eiq(z0+zˆn) − h.c.
)
σ˜n
+Fˆc(t),
(24)
and ˙ˆzn = pˆn/M , with rˆn = (r
⊥
n , z0 + zˆn), noting that
the Langevin noise Fˆn(t) from Eq. (10) now contains the
operator rˆn instead of the equilibrium position r
(0)
n .
In the equation for pˆn we identify the forces between
atoms resulting from the dipole-dipole interactions medi-
ated by non-confined modes, along with the correspond-
ing Langevin force
A(r, r′) = −i~ ∂
∂z
D(r, r′),
fˆn = σ˜
†
n
[
−i~ ∂
∂zn
Fˆn(t, zn)
]
zn=zˆn
+ h.c.. (25)
A. Small-amplitude motion
We now wish to expand the dynamical equations
around the equilibrium positions, assuming that the mo-
tion zˆn around z0 is much smaller than a cavity wave-
length,
qzˆn  1 ⇔ zˆn  λ/(2pi). (26)
A consistent description of the dynamical equations (24)
is obtained by expanding the equations for ˙˜σn and ˙˜a up
to second order in qzˆn while expanding that for ˙ˆpn up to
first order (since the latter is an equation of motion for
the conjugate variable of zˆn), yielding
˙˜σn = iδσ˜n − i2gn
[
sin(qz0)
(
1− q
2zˆ2n
2
)
+ cos(qz0)qzˆn
]
a˜
−
∑
m
σ˜m
(
Dnm + Jˆnm
)
+ Fˆn(t),
˙ˆpn = −Mω2mzˆn −
∑
m
[
Aˆnmσ˜
†
nσ˜m + h.c.
]
+ fˆn(t)
−2~q [cos(qz0)− sin(qz0)qzˆn)]
[
gna˜σ˜
†
n + h.c.
]
˙˜a =
(
iδc − κc
2
)
a˜− iΩ + Fˆc(t)
−i2
∑
n
g∗n
[
sin(qz0)
(
1− q
2zˆ2n
2
)
+ cos(qz0)qzˆn
]
σ˜n.
(27)
7Here we used the formal expansion of the dipole-dipole
kernels around the equilibrium positions r
(0)
n = (r⊥n , z0),
D(rˆn, rˆm) ≈ Dnm + Jˆnm,
Jˆnm =
∑
s=n,m
∂
∂zs
D(rn, rm)|r(0)n,m zˆs
+
1
2
∑
s,s′=n,m
∂
∂zs
∂
∂z′s
D(rn, rm)|r(0)n,m zˆszˆs′ ,
(28)
with Dnm from (8), and
Aˆnm ≈ A(r(0)n , r(0)m ) +
∑
s=n,m
∂
∂zs
A(rn, rm)
∣∣∣∣
r
(0)
n,m
zˆs. (29)
The approximation D ≈ Dfs−Dc from (21a) allows us to
slightly simplify the above expressions. Recalling our as-
sumption of an array placed very close to the focus of the
cavity modes (z0  zR = piw2/λ), the confined Green’s
function Dc(r, r′) is approximately symmetric around the
equilibrium position z0 (Appendix A). Since this is the
case also for the free-space kernel Dfs(r, r′), the first-
order in the expansion for D (and zeroth order for A)
vanishes, yielding (Appendix A)
Jˆnm ≈ 1
2
D′′nm(zˆn − zˆm)2, D′′nm =
∂2
∂z2
D(r, r(0)m )
∣∣∣∣
r=r
(0)
n
,
Aˆnm ≈ −i~D′′nm(zˆn − zˆm). (30)
We note that the transition from Eqs. (28) and (29) to
Eqs. (30) is the only step performed in this work in which
the generalized approximation (21) [instead of the more
restricted approximation (20)] was strictly required.
Finally, the Langevin forces Fˆn and fˆn in Eq (27)
should also be understood as the expansions around z0
up to second and first order in zˆn, respectively, of the
corresponding expressions in Eqs. (10) and (25).
VI. LARGE ATOM-CAVITY DETUNING:
OPTOMECHANICAL COUPLING
The current and subsequent sections are devoted to
the formulation of the optomechanics of an atom-array
inside a cavity. We consider the case where the atom ar-
ray acts as a partially reflecting membrane whose motion
modifies the cavity resonance, in analogy to typical cav-
ity optomechanical setups [36] (Fig. 4). This situation
can be reached when the internal electronic degrees of
freedom of the atoms are eliminated, resulting in an op-
tomechanical system of atomic motion coupled to cavity
light.
To eliminate the internal states, a separation of
timescales should be identified, which is facilitated by
transforming the equation for σ˜n in (27) to k⊥-space us-
ing Eq. (14) and by applying the approximation (20b)
for the non-confined Green’s function, yielding,
˙˜σk⊥ = i(δ−∆k⊥)σ˜k⊥−
∑
k′⊥
σ˜k′⊥
Γˆk⊥k′⊥
2
+Bˆk⊥+Fˆk⊥ . (31)
Here,
Γˆk⊥k′⊥ = γk⊥k′⊥ + 2Jˆk⊥k′⊥ ,
γk⊥k′⊥ =
1
N
∑
n
∑
m
e−ik⊥·r
⊥
n 2Re[Dnm]e
ik′⊥·r⊥m ,
Jˆk⊥k′⊥ =
1
N
∑
n
∑
m
e−ik⊥·r
⊥
n Jˆnme
ik′⊥·r⊥m , (32)
and
Bˆk⊥ = −i2
1√
N
∑
n
e−ik⊥·r
⊥
n gn
×
[
sin(qz0)
(
1− q
2zˆ2n
2
)
+ qzˆn cos(qz0)
]
a˜,
Fˆk⊥ =
1√
N
∑
n
e−ik⊥·r
⊥
n Fˆn. (33)
A. Large-detuning approximation: elimination of
internal states
We begin by assuming that the detuning between the
cavity and atomic resonances (including the cooperative
shift of the latter) is much greater than all relevant fre-
quencies of the dynamical variables of interest,
|δ −∆k⊥ | ∼ |δ −∆|  τ−1d ∼ ˙ˆbn/bˆn, ˙˜a/a˜,Γ + γ, (34)
with bˆn the bosonic motion operator [Eq. (1)], and re-
calling ∆ = ∆k⊥=0 and Γ = Γk⊥=0 from Eq. (16). To
adiabatically eliminate the internal degrees of freedom
we then move to a coarse-grained dynamical picture with
time resolution T satisfying |δ −∆k⊥ |−1  T  τd. We
formally solve Eq. (31) around an “initial” time t up to
some time t1 within the coarse-graining time-resolution,
|t1 − t| < T ,
σ˜k⊥(t1) = e
i(δ−∆k⊥ )(t1−t)σ˜k⊥(t)
+
∫ t1
t
dt′ei(δ−∆k⊥ )(t1−t
′)
[
Fˆk⊥(t
′) + Bˆk⊥(t)
]
−
∑
k′⊥
∫ t1
t
dt′ei(δ−∆k⊥ )(t−t
′)σ˜k′⊥(t
′)
1
2
Γˆk⊥k⊥(t),
(35)
noting that Bˆk⊥(t) and Γˆk⊥k⊥(t) can be evaluated at t
since they vary at a timescale ∼ τd  T and are therefore
approximately unchanged during the time resolution T .
Moreover, we note that the third term is of order T Γˆk⊥k⊥
and is therefore small since Γˆk⊥k⊥ . γ + Γ  T−1
8(Eq. 34). We can then treat this term as a per-
turbation and to lowest order replace σ˜k⊥(t
′) that ap-
pears in it by the “free” solution given by the first two
terms of Eq. (35). Moving to coarse-grained variables,
σ˜k⊥(t) → (1/T )
∫ t+T
t
dt1σ˜k⊥(t1) and dropping terms of
order T−1/(δ−∆k⊥), we finally obtain the coarse-grained
steady-state solution for the internal state in the form
σ˜k⊥(t) = Wˆk⊥ a˜+ δ̂σk⊥(t). (36)
The coefficient Wˆk⊥ is an operator that contains the
small parameter qzˆn up to second order, whereas δ̂σk⊥
is a noise term arising from the Langevin operator Fˆk⊥
associated with the non-confined modes. The explicit ex-
pressions for both Wˆk⊥ and δ̂σk⊥ are given in Appendix
B.
B. Equation for cavity mode
As a first step for an optomechanical description of
the system, we eliminate the internal degrees of freedom
from the equation for the cavity mode by inserting Eq.
(36) into Eq. (27) for a˜. The resulting equation for the
cavity mode is simplified by using the paraxial nature of
the cavity mode, with waist satisfying w  λ > a, along
with the condition from Eq. (20a), obtaining (Appendix
B 1)
˙˜a =
[
i(δc −∆AC)− κc + Kˆsc
2
]
a˜− ig
(
bˆ+ bˆ†
)
a˜
−iΩ + Fˆc(t) + Fˆsc(t), (37)
with the optomechanical coupling g and the dispersive,
atom-induced cavity shift ∆AC given by
g = sin(2qz0)ηg¯, g¯ =
c
l
γ
δ −∆
√
Na
3
q2w2
,
∆AC = sin
2(qz0)
c
l
γ + Γ
δ −∆ , (38)
where
η = qx0  1, Na = piw
2
a2
, (39)
are, respectively, the Lamb-Dicke parameter (with x0 the
zero-point motion from Sec. II A) and the number of
atoms within the cavity-mode waist. The relevant collec-
tive mechanical mode coupled to the cavity mode inherits
the intensity profile of the latter,
bˆ =
∑
n
V 0n bˆn, V
0
n =
2√
pi
a
w
e−2(r
⊥
n /w)
2
, (40)
with
∑
n(V
0
n )
2 = 1 (using w  a). The effective damp-
ing operator Kˆsc and Langevin noise Fˆsc(t) are discussed
below.
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FIG. 4: Cavity optomechanics. (a) Typical cavity optome-
chanics setup with an intra-cavity solid membrane (reflector)
whose motion (bosonic mode bˆ) modifies the cavity resonance,
as captured by the standard Hamiltonian (41) [36, 40]. (b)
Same, with an atomic cloud taking the role of the membrane,
where bˆ is now associated with the center-of-mass coordinate.
Scattering from the disordered cloud to outside, non-confined
modes leads to an additional cavity damping κsc (even with-
out atomic motion, Fig. 2a).
C. Towards standard cavity optomechanics
Equation (37) already has the expected form of a
Heisenberg-Langevin equation for aˆ which corresponds
to the standard cavity optomechanics Hamiltonian [36]
Hom = ~ω′caˆ†aˆ+ ~g
(
bˆ+ bˆ†
)
aˆ†aˆ+ ~ωmbˆ†bˆ
+ ~
(
Ωe−iωLtaˆ† + h.c.
)
, (41)
with ω′c = ωc + ∆AC and g from Eq. (38). This Hamil-
tonian describes a cavity whose resonant frequency is
shifted by the motion of an internal membrane reflector
(Fig. 4a), leading to a linear (first-order) optomechanical
coupling to the corresponding mechanical mode bˆ.
The usual damping out of the cavity mirrors, described
by κc and Fˆc(t), is supplemented by damping due to
the scattering of photons to the non-confined modes. At
zeroth-order in the motion this latter damping vanishes
due to the spatial order of the array (as explained in
Sec. IV). However, the motion zˆn of individual atoms
gives rise to weak disorder of the perfect ordered array,
and hence to residual scattering at second order in mo-
tion. The coefficient Kˆsc, which depends on qzˆn to sec-
ond order, contains the information on this additional
cavity damping, whereas Fˆsc(t) is a corresponding quan-
tum Langevin noise. The expression for Kˆsc is found in
Appendix B and can used to obtain an estimate of the
cavity damping rate to non-confined modes,
κsc = Re[〈Kˆsc〉]. (42)
Assuming small enough atomic motion (weak drive Ω),
the averaging is performed using the ground state |0〉
of the motion of all atoms inside the traps, bˆn|0〉 = 0,
with 〈zˆn〉 = 0 and 〈zˆnzˆm〉 = δnmx20. This calculation is
described in Appendix C 1, yielding,
κsc = η
2Na
c
l
(
γ
δ −∆
)2
ε/2
q2w2
, (43)
9with ε = 6[cos2(qz0) +
2
5 sin
2(qz0)] and with Na from
Eq. (39). This expression reflects that motion-induced
disorder of the array leads to damping of the cavity, but
only to second order in the motion, κsc ∝ η2.
Finally, the corresponding Langevin noise due to this
motion-induced scattering is given by
Fˆsc(t) = −i2
∑
n
g∗n
×
[
sin(qz0)
(
1− q
2zˆ2n
2
)
+ cos(qz0)qzˆn
]
δ̂σn(t),(44)
with δ̂σn(t) = (1/
√
N)
∑
n e
−ik⊥·r⊥n δ̂σk⊥(t) and δ̂σk⊥(t)
from Eq. (36) [and (B2)]. By consistency of the fluctua-
tion dissipation theorem, it should satisfy
〈Fˆsc(t)Fˆ †sc(t′)〉 ≈ κscδ(t− t′). (45)
Since κsc ∝ η2 this means that Fˆsc does not contain a
contribution at zeroth-order in zˆn, as we indeed verify,
using Eq. (20a).
Conclusion.— So far we have derived the equation of
motion (37) for the cavity mode, which is consistent with
the standard optomechanical model (41), and with the
optomechanical parameters g ∝ η from (38) and a gener-
ally weaker, motion-induced damping κsc ∝ η2. A more
thorough and consistent approach however requires to
also find the corresponding dynamical equation for the
motion variable bˆ and to show that it can be derived
from the same Hamiltonian. Such a complete treatment
of the motion and the cavity is presented in the following
sections.
VII. MULTIMODE CAVITY OPTOMECHANICS
In this section, we extend the description of optome-
chanics to include the dynamical equations for the mo-
tion of the atoms. We show that the resulting coupled
equations for the cavity mode and the atomic motion are
consistent with a cavity optomechanics model with mul-
tiple mechanical degrees of freedom.
A. Equations for atomic motion bˆn
We begin by writing the dynamical equations for
atomic motion, ˆˆpn from Eq. (27) together with ˙ˆzn =
pˆn/M , in terms of the bosonic operators bˆn from Eq. (1).
We then insert the solution for σ˜n from Eq. (36) [with
the transformation (14) and with (B1)] into the equation
for bˆn, keeping terms up to first order in qzˆn as explained
above and simplifying expressions as in Sec. VI B. More-
over:
(i) Terms which are quadratic in the vacuum-induced
noise, ∼ Fˆ †nFˆn, are neglected, since they are related to
forces purely induced by the vacuum.
(ii) Terms of order ∼ aˆ†Fˆn are neglected assuming the
incident field is weak, Ω κc, so that the occupation of
the cavity is very low 〈aˆ〉  1. For larger driving, where
the average cavity field 〈aˆ〉 is significant, terms such as
∼ aˆ†Fˆn lead to a fluctuating force and correspondingly
to friction of the motion which scales as |〈aˆ〉|2. So, ne-
glecting these terms essentially means that we assume
that the average cavity field is weak enough to neglect
this friction and associated fluctuations.
The resulting equation for bˆn becomes
˙ˆ
bn = −iωmbˆn − iηg¯aˆ†aˆV 0n
[
sin(2qz0)− 2 sin2(qz0)qzˆn
]
+ iηg¯aˆ†aˆ
∑
m
Mnm
√
V 0n V
0
mqzˆm, (46)
where the effective cavity-mediated, inter-atom mechan-
ical coupling Mnm is given in Appendix B.
B. Collective mechanical modes
In Eq. (37), we identify the relevant mechanical mode bˆ
that couples to the cavity field. This motivates to define
a new set of orthonormal mechanical modes {ν} with
spatial profiles V νn (real) spanning the space {n}, which
includes the relevant mode bˆ = bˆν=0 with the profile V
0
n
from Eq. (40),
bˆν =
∑
n
V νn bˆn,
∑
n
V νn V
ν′
n = δνν′ ,
bˆn =
∑
ν
V νn bˆν ,
∑
ν
V νn V
ν
m = δnm.
(47)
Equation (46) is then transformed to a dynamical equa-
tion for bˆν . For the corresponding equation for a˜ in
(37), while considering the explicit expression for Kˆsc
[Eq. (B3) in Appendix B], we express all terms that
contain zˆn = x0(bˆn + bˆ
†
n) using the collective modes bˆν .
We then obtain the coupled dynamical equations for the
cavity mode and the collective mechanical modes as
˙˜a =
[
i(δc −∆AC)− κc
2
]
a˜− ig
(
bˆ+ bˆ†
)
a˜− iΩ + Fˆc(t)
+
∑
νν′
Cνν′
(
bˆν + bˆ
†
ν
)(
bˆν′ + bˆ
†
ν′
)
a˜+ Fˆsc,
˙ˆ
bν = −iωmbˆν − igδν0a˜†a˜+ i2
∑
ν′
Im[Cνν′ ]
(
bˆν′ + bˆ
†
ν′
)
a˜†a˜,
(48)
with the first-order optomechanical coupling g ∝ η from
Eq. (38) and where the expression for the second-order
couplings Cνν′ ∝ η2 is given in Eq. (B5) of Appendix B.
C. Multimode cavity optomechanics
The coupled equations (48) represent an optomechan-
ical interaction up to second order between the collec-
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tive mechanical modes bˆν and the cavity mode aˆ. Im-
portantly, the conservative optomechanical part of both
equations can be derived from a single Hamiltonian,
Heff = ~gaˆ†aˆ
(
bˆ+ bˆ†
)
− ~
∑
νν′
Im[Cνν′ ]aˆ
†aˆ
(
bˆν + bˆ
†
ν
)(
bˆν′ + bˆ
†
ν′
)
.(49)
In addition, the equation for aˆ in (48) contains
an optomechanically induced non-conservative part, ∝
Re[Cνν′ ], which cannot be derived from the Hamiltonian
(49), and which is shown below to result in the additional
cavity damping κsc related to the Langevin noise Fˆsc.
Light-induced dipole-dipole forces.— The second term
in the Hamiltonian (49) describes the mechanical cou-
pling between the different collective coordinates bˆν ,
with a coupling “spring constant” 2Im[Cνν′ ]aˆ
†aˆ, propor-
tional to the intensity of the light aˆ†aˆ and to second-
order derivatives of the dipole-dipole interaction. Hence,
this mechanical coupling is interpreted as light-induced
dipole-dipole forces [37–39], which were recently shown
to lead to multimode optomechanics for an atom array
even without a cavity [20].
VIII. MAPPING TO STANDARD CAVITY
OPTOMECHANICS
Within the multimode optomechanical description of
Eqs. (48) and (49), only the collective mechanical mode
bˆ (ν = 0) is coupled to the cavity at linear order, whereas
all the rest of the modes have a weaker quadratic cou-
pling. This reflects the intuition that only the mode bˆ,
which spatially follows the intensity profile of the cavity
mode, is directly coupled to the cavity, and therefore mo-
tivates to move to a single-mechanical-mode picture as in
the standard optomechanics Hamiltonian (41).
A. Single mechanical mode
Since the optomechanical coupling of the single me-
chanical mode bˆ, g ∝ η, is much stronger than those of
the rest of the mechanical modes, Cνν′ ∝ η2, we can
eliminate the latter as weakly coupled reservoir modes.
To that end, we first formally solve Eq. (48) for bˆν 6=0,
bˆν(t) = bˆν(0)e
−iωmt +O(η2), (50)
and insert this solution into Eq. (48) for bˆ (ν = 0),
˙ˆ
b = −iωmbˆ− i
[
g − 2Im[C00]
(
bˆ+ bˆ†
)]
a˜†a˜
+fˆ(t) +O(η4), (51)
where
fˆ(t) = i2
∑
ν 6=0
Im[C0ν ]
(
bˆν(0)e
−iωmt + bˆ†ν(0)e
iωmt
)
a˜†a˜
(52)
is a force originating from the light-induced dipole-
dipole force between the coordinate bˆ and all the
rest of the coordinates ν 6= 0, and therefore de-
pends on the quantum state of the modes. Assum-
ing that initially all of the atoms are in their mechan-
ical ground state, |0〉, i.e. bˆn(0)|0〉 = 0, we obtain
the statistics, 〈bˆν(0)〉, 〈bˆν(0)bˆν′(0)〉, 〈bˆ†(0)bˆν′(0)〉 = 0 and
〈bˆν(0)bˆ†ν′(0)〉 = δνν′ . The force fˆ(t) from Eq. (52) is then
a zero-mean Langevin force with correlation 〈fˆ(t)fˆ(t′)〉 =
O(η4). By the fluctuation-dissipation theorem, the fluc-
tuating force fˆ(t) is associated with the friction term of
order O(η4) that appears unspecified in Eq. (51). Since
we wish to keep terms only up to second order in the mo-
tion η2, this friction and the associated Langevin force
are then neglected and we have
˙ˆ
b ≈ −iωmbˆ− iga˜†a˜− i2g2
(
bˆ+ bˆ†
)
a˜†a˜, (53)
with the second-order optomechanical coupling g2 =
−Im[C00], which is found to be (see Appendix C 3)
g2 = η
2 c
l
γ
δ −∆
4
q2w2
cos2(qz0). (54)
Turning to the equation for the cavity mode, we insert
the solution for bˆν 6=0 from Eq. (50) into Eq. (48) for
a˜ and keep terms to second order in η2 [amounting to
the replacement bˆν 6=0(t) → bˆν(0)e−iωmt]. We then aver-
age over these mechanical “reservoir” degrees of freedom,
obtaining
˙˜a =
[
i (δc −∆AC −∆sc)− κc + κsc
2
]
a˜− ig
(
bˆ+ bˆ†
)
a˜
− ig2a˜
(
bˆ+ bˆ†
)2
a˜− iΩ + Fˆc + Fˆsc, (55)
with
κsc = 2
∑
ν 6=0
Re[Cνν ] ∝ η2, ∆sc =
∑
ν 6=0
Im[Cνν ] ∝ η2.(56)
Importantly, in Appendix C 2 we show that κsc =
2
∑
ν 6=0 Re[Cνν ] here gives the same expression for κsc
found in Eq. (43). Here, however, we find κsc from a
consistent description of the mechanical degrees of free-
dom. Finally, the second-order frequency shift ∆sc ∼
η2∆AC  ∆AC is neglected in the following.
B. Effective cavity optomechanics model
The above considerations lead to standard-form cou-
pled dynamical equations for the cavity mode aˆ and col-
lective atomic coordinate bˆ, up to second order in the
motion,
˙ˆa = −
(
iω′c −
κ
2
)
aˆ− ig
(
bˆ+ bˆ†
)
aˆ
− ig2aˆ
(
bˆ+ bˆ†
)2
+
[
−iΩ + Fˆ (t)
]
e−iωLt,
˙ˆ
b = −iωmbˆ− igaˆ†aˆ− i2g2
(
bˆ+ bˆ†
)2
aˆ†aˆ, (57)
11
with (neglecting ∆sc)
ω′c = ωc + ∆AC, κ = κc + κsc, Fˆ (t) = Fˆc(t) + Fˆsc(t),
(58)
and where κsc, g and g2 are those from Eqs. (43), (38)
and (54), respectively. Using Eqs. (12) and (45) and the
fact that the Langevin noises Fˆc and Fˆsc are uncorrelated
(originate from orthogonal photon modes), we have
〈Fˆ (t)Fˆ †(t′)〉 = κδ(t− t′), (59)
consistent with the fluctuation-dissipation theorem.
Moreover, it is easy to verify that the conservative part
of Eqs. (57) can be derived from the standard cavity
optomechanical Hamiltonian as in (41), also including
second-order optomechanical coupling,
H ′om = ~ω′caˆ†aˆ+ ~ωmbˆ†bˆ+ ~
(
Ωe−iωLtaˆ† + h.c.
)
+ ~g
(
bˆ+ bˆ†
)
aˆ†aˆ+ ~g2
(
bˆ+ bˆ†
)2
aˆ†aˆ. (60)
C. Cavity optomechanics of an atom-array
membrane
Starting from a many-atom system of an array inside
a cavity, and by eliminating the detuned atomic internal
states, we were able to identify a single relevant mechani-
cal mode and consistently eliminate all others, arriving at
the standard cavity optomechanics description of Hamil-
tonian (60). This establishes an array of atoms inside
a cavity as a novel realization of the membrane-in-the-
middle setup of optomechanics [40], where the role of the
membrane is played by the 2D atom array. The poten-
tial advantages and novel opportunities opened by this
system are discussed in our work, Ref. [41]. In a nut-
shell, the main advantage of this system lies in its combi-
nation of the large mechanical susceptibility of trapped
atoms with the spatial order of an array. This is illus-
trated by a comparison with the two other realizations
of cavity optomechanics shown in Fig. 4. The membrane
from Fig. 4a is made of a bulk, solid material with a
very small zero-point motion x0 and hence small optome-
chanical coupling g ∝ η ∝ x0. In contrast, the atoms of
the array are trapped by lasers and have much larger x0
and g. This is also the case for the atom cloud in Fig.
4b. However, for a disordered cloud, the large g comes
at the price of increased cavity losses due to scattering
from the atoms, κsc. For the atom array, this scatter-
ing arises only due to motion and scales as η2, becoming
much smaller than the desired optomechanical coupling
g ∝ η. In Ref. [41] we show that this favorable scaling
can lead to observable quantum optomechanical effects
at the single-photon level.
IX. DISCUSSION
To conclude, we developed a cavity QED formal-
ism wherein cooperative effects due to the interaction
of an intra-cavity atomic array with the outside, non-
transversely-confined electromagnetic modes are taken
into account. These cooperative effects, which are typi-
cally ignored, are crucial for an ordered array of emitters.
We began building our formalism considering the “ideal”
case of linearly-responding atoms in a perfectly-ordered,
motionless array, which lead us to the basic conditions
(20). For this “ideal” case, scattering to outside, non-
confined modes is totally suppressed. However, the con-
dition (20) is useful also beyond the motionless and linear
case. As a first step in that direction, we considered the
motion of atoms, which causes an effective disorder in the
array structure. The condition (20) and its extension to
small-amplitude motion (21) were then used to analyze
this case, finding novel opportunities in optomechanics.
A second, analogous step beyond the “ideal” case will
be to consider the nonlinearity of the internal atomic re-
sponse. This also introduces an effective disorder since
excited (saturated) atoms exhibit a different polarizabil-
ity than ground-state atoms. For weak enough incident
light and lowest-order nonlinearity, we would expect that
condition (20) still plays an important role, possibly with
an extension in analogy to (21).
Finally, it should be noted that our approach is ap-
plicable to treating 2D atom arrays in other transversely
confined geometries, beyond the cavity case. Considering
general situations where the set of electromagnetic modes
of interest are transversely confined and where the rest
of the non-transversely-confined modes are treated as a
reservoir, an equation similar to (20) should hold, as long
as the system geometry that defines the confined modes
does not mix them with the non-confined modes. Exam-
ples may include a single mirror, an array of mirrors, or
even a waveguide structure.
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Appendix A: Derivatives of the approximated
Green’s function
The expression for the Green’s function in (21a) con-
tains the free-space and the transversely confined parts
as follows.
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1. Free-space Green’s function
The free-space part is given by
Dfs(r− r′) = −i3
2
γλe†d ·Gfs(r− r′) · ed, (A1)
where Gfs is the dyadic Green’s function tensor [42][
Gfs(r)
]
ij
=
eiqr
4pir
[(
1 +
iqr − 1
q2r2
)
δij +
(
−1 + 3− 3iqr
q2r2
)
rirj
r2
]
,
(A2)
with i, j ∈ {x, y, z}, r = |r| and ri = ei · r. Considering
the expansion around equilibrium atomic positions, with
zn = zm = z0 (i.e. around z = zn − zm = 0), the first
derivative with respect to z vanishes, whereas the second
derivative is given by
D′′fs(r) ≡
∂2
∂z2
Dfs(r)
∣∣∣∣
z=0
= −i3
4
q2γe†d · F (r⊥) · ed, (A3)
where F (r⊥) is a dipole-dipole tensor given in Eq. (A4)
of Ref. [21]. For the calculations in Appendix C below,
we need to evaluate Re[D′′fs(r = 0)]. Taking a circularly-
polarized dipole-transition, ed = (ex + iey)/
√
2, we find
limr⊥→0 Im[e
†
d · F (r⊥) · ed] = −4/15, and
Re[D′′fs(r = 0)] = −
1
5
q2γ. (A4)
2. Transversely confined Green’s function
This part of the Green’s function is defined by
Dc(r, r′) = −i3
2
γλ
∑
µ∈c
uµ(r)u
∗
µ(r
′)
(ωµ/c)2 − q2 . (A5)
The transversely-confined subspace “c” includes the
cavity-confined modes + the transversely matching out-
side modes that they are coupled to via the mirrors. This
subspace can be spanned by propagating, transversely
confined paraxial modes of the form
upp′ks(r) = ϕpp′ks(r⊥, z)eiskz. (A6)
Here the mode indices µ → p, p′, k, s include the two
transverse-profile indices pp′, the mode frequency k =
ω/c and the propagation direction s = ± (right/left).
The envelopes ϕpp′ks vary slowly with z at a length-scale
zR = piw
2/λ  λ around the focus point z = 0, where
w  λ is a scale of transverse confinement at the focus
(the waist). One concrete example could be the Hermite-
Gauss modes, for which
ϕpp′ks(r⊥, z) ∝ w
w˜(z)
e
− r
2
⊥
w˜2(z)Hp
(√
2x
w˜(z)
)
Hp′
(√
2y
w˜(z)
)
×eis
kr2⊥
2R(z) e−isψpp′ (z), (A7)
with w˜(z) and R(z) from Sec. II B, ψpp′(z) = (1 + p +
p′) arctan(z/zR), and Hp(x) being the Hermite polyno-
mial of order p.
Inserting Eqs. (A5) and (A6) into the expansion of
D and hence Dc(r, r′) around the equilibrium array po-
sitions r
(0)
n = (r⊥n , z0), Eq. (28), the differentials of the
type
∂
∂z
upp′ks(r)
∣∣∣∣
r
(0)
n
zn = iskznupp′ks(r
(0)
n ) +O(zn/zR)
(A8)
appear. The second term originates from
∂zϕpp′ks(r⊥, z)|r(0)n ∝ 1/zR, using the assumption
that the equilibrium position of the atoms z = z0 is close
enough to the focus (z0  zR), where the envelope varies
in a scale zR. Then, since the poles in Eq. (A5) dictate
k ∼ q = 2pi/λ, and since zR  λ, the second term in
(A8) is negligible, and the expansion (28) written for Dc
becomes
Dc(rˆn, rˆm) ≈ Dcnm +
∑
pp′ks
upp′ks(r
(0)
n )u∗pp′ks(r
(0)
m )
k2 − q2
×
[
isk(zˆn − zˆm)− k
2
2
(zˆn − zˆm)2
]
.
(A9)
Since the envelope ϕpp′ks(r⊥, z) is independent of s at
z = 0, which is approximately true also for the equilib-
rium position z = z0  zR, the linear term ∝ (zˆn − zˆm)
is negligibly small. Together with the vanishing linear-
order in the expansion for the free-space part of D (Ap-
pendix A 1 above), this leads to Eq. (30).
Appendix B: Explicit expressions of some terms and
coefficients
Here we provide the explicit expressions for a few terms
and coefficients that appear in Secs. VI and VII.
1. Sec. VI: Elimination of internal states
The steady-state solution for σ˜k⊥ from Eq. (36) in-
cludes the following terms. The coefficient Wˆk⊥ is an
operator that contains zeroth-, first-, and second-order
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contributions in the small parameter qzˆn, given by
Wˆk⊥ = sin(qz0)
2gk⊥
δk⊥
− i
∑
k′⊥
γk⊥k′⊥gk′⊥
δ2k⊥

+ cos(qz0)
[
2
δk⊥
1√
N
∑
n
e−ik⊥·r
⊥
n gnqzˆn
−i
∑
k′⊥
γk⊥k′⊥
δ2k⊥
1√
N
∑
n
e−ik
′
⊥·r⊥n gnqzˆn
]
− sin(qz0)
[
1
δk⊥
1√
N
∑
n
e−ik⊥·r
⊥
n gnq
2zˆ2n
− i
2
∑
k′⊥
γk⊥k′⊥
δ2k⊥
1√
N
∑
n
e−ik
′
⊥·r⊥n gnq2zˆ2n
+i2
∑
k′⊥
gk′⊥
δk⊥δk′⊥
Jˆk⊥k′⊥
]
, (B1)
with δk⊥ ≡ δ −∆k⊥ and gk⊥ = (1/
√
N)
∑
n e
−ik⊥·r⊥n gn,
and recalling that Jˆk⊥k′⊥ ∝ Jˆnm ∝ (zˆn− zˆm)2 [Eq. (30)].
The noise term δ̂σk⊥ from Eq. (36) originates from the
Langevin operator due to the non-confined modes Fˆk⊥ ,
and is given by
δ̂σk⊥ =
∫ t
0
e−iδk⊥ (t−t
′)
−∑
k′⊥
γk⊥k′⊥ + 2Jˆk⊥k′⊥(t)
2
×
∫ t′
0
dt′′e−iδk′⊥ (t
′−t′′)
Fˆk′⊥(t
′′) + Fˆk⊥(t
′)
]
.
(B2)
Then, to obtain Eq. (37) for the cavity mode, we insert
Eq. (36), with Wˆk⊥ from Eq. (B1), into Eq. (27) for a˜.
For simplifying the different terms, we use the following:
(i) Since the cavity mode is paraxial (w  λ), gk⊥ is eval-
uated only over a narrow range around k⊥ = 0 and we
use approximations such as gk⊥/(δ−∆k⊥) ≈ gk⊥/(δ−∆),
with ∆ = ∆k⊥=0. Moreover, since w  λ > a
we can convert sums into integrals, e.g.
∑
n |gn|2 ≈
(1/a2)
∫
dr⊥|g(r⊥)|2 = (γ + Γ)(c/l)/4.
(ii) From the condition (20a) it is easy to show that∑
n
∑
m g
∗
nγnmgmKm = 0 for any function of m Km
(noting that gn ∝ u1,n). This property is used here for
Km = 1, zˆm, zˆ
2
m.
The expression for the effective damping operator Kˆsc,
that appears in the resulting equation for (37) for the
cavity mode, is given by
Kˆsc = −i2 sin2(qz0)g¯q2
∑
n
V 0n zˆ
2
n
+ g¯
∑
n,m
√
V 0n V
0
m
[
sin2(qz0)
D′′nm
δ −∆(zˆn − zˆm)
2
+ cos2(qz0)q
2zˆnzˆm
(
1
N
∑
k⊥
eik⊥·(r
⊥
n−r⊥m) i2(δ −∆)
δ −∆k⊥
+
1
N
∑
k⊥
∑
k′⊥
eik⊥·r
⊥
n e−ik
′
⊥·r⊥m γk⊥k
′
⊥(δ −∆)
(δ −∆k⊥)2
 .
(B3)
2. Sec. VII: Multimode optomechanics
Equation (46) reveals the coupling between the me-
chanical degrees of freedom of a pair of atoms n and m,
with the coupling constant
Mnm = sin2(qz0)2Im[D
′′
nm]
q2(δ −∆)
− cos2(qz0) 1
N
∑
k⊥
[
e−ik⊥·(r
⊥
n−r⊥m) δ −∆
δ −∆k⊥
+
i
2
∑
k′⊥
e−ik⊥·r
⊥
n eik
′
⊥·r⊥m γk⊥k
′
⊥(δ −∆)
δ −∆2k⊥
+ h.c.
 .
(B4)
Within the description of collective mechanical modes
bˆν , the analogous inter-mode couplings Cνν′ from Eq.
(48) are given by
Cνν′ = η
2g¯
[
i sin2(qz0)
∑
n
V 0n V
ν
n V
ν′
n
+ sin2(qz0)
∑
nm
√
V 0n V
0
mV
ν
n V
ν′
m
D′′nm
q2(δ −∆)
−i cos2(qz0)
∑
nm
√
V 0n V
0
mV
ν
n V
ν′
m
× 1
N
∑
k⊥
(
eik⊥·(r
⊥
n−r⊥m) δ −∆
δ −∆k⊥
− i
2
∑
k′⊥
eik⊥·r
⊥
n e−ik
′
⊥·r⊥m γk⊥k
′
⊥(δ −∆)
δ −∆2k⊥
 ,
(B5)
with g¯ from Eq. (38).
Appendix C: Second-order optomechanical effects
Here we discuss the estimation of two second-order ef-
fects, the motion-induced decay κsc and the optomechan-
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ical coupling g2.
1. Motion-induced decay: Estimation of κsc
directly from Eq. (42)
Using the definition κsc = Re[〈Kˆsc〉] from Eq. (42)
and performing the averaging over Kˆsc in (B3) with the
mechanical ground state 〈zˆnzˆm〉 = δnmx20, we have
κsc = 2 sin
2(qz0)g¯η
2
[∑
n
V 0n
−Re[D′′nn]
q2(δ −∆)
+
∑
n,m
√
V 0n V
0
m
Re[D′′nm]
q2(δ −∆)
]
+ cos2(qz0)g¯η
2
∑
n
V 0n
1
N
×Re
∑
k⊥
∑
k′⊥
ei(k⊥−k
′
⊥)·r⊥n γk⊥k
′
⊥(δ −∆)
(δ −∆k⊥)2
 .
(C1)
For the first term in (C1) we need to estimate Re[D′′nn],
which represents the second derivative of the individual-
atom emission. Since this individual-atom term is not
expected to vanish in general, we can resort to the typical
approximation and evaluate it using the free space result
from Eq. (A4), i.e. Re[D′′nn] ≈ Re[D′′fs(r = 0)] = −q2γ/5.
Finally, the resulting sum is converted to an integral (us-
ing w  a), yielding ∑V 0n = √piw/a.
The second term can be shown to vanish as fol-
lows. Since one can always write ∂2zuµ(r)
∣∣
r
(0)
n
=
Knuµ(r
(0)
n ) with some function of n Kn, then from
Eq. (28) we have D′′nm = KnDnm. Therefore, using∑
n
∑
m gnKnRe[Dnm]gm = 0 (can be shown from con-
dition 20a), we find
∑
n
∑
m gnRe[D
′′
nm]gm = 0. Since
gn ∝
√
V 0n , this means that the second term in (C1) also
vanishes.
For the last term, the fact that V 0n ∝ g2n is parax-
ial implies ∆k⊥ ≈ ∆ and the resulting sums simplify
to (1/N)
∑
k⊥
∑
k′⊥
ei(k⊥−k
′
⊥)·r⊥n γk⊥k′⊥ = γnn. Since γnn
represents the decay rate of a single atom to the non-
confined modes, it does not vanish and is largely domi-
nated by the decay in free space for which γnn = γ.
Using the above, we arrive at κsc form Eq. (43).
2. Motion-induced decay: Estimation of κsc from
Eq. (56)
The definition of κsc given in Eq. (56) can be written
as
κsc = κ1 − κ2,
κ1 = −2Re
[∑
ν
Cνν
]
, κ2 = −2Re[C00]. (C2)
Starting with κ1, we use Cνν from Eq. (B5) and the fact
that the collective mechanical mode profiles V 0n are real
and orthonormal, finding
κ1 = 2 sin
2(qz0)g¯η
2
∑
n
V 0n
−Re[D′′nn]
q2(δ −∆)
+ cos2(qz0)g¯η
2
∑
n
V 0n
1
N
×Re
∑
k⊥
∑
k′⊥
ei(k⊥−k
′
⊥)·r⊥n γk⊥k
′
⊥(δ −∆)
(δ −∆k⊥)2
 .
(C3)
This is identical to the expression for κsc in Eq. (C1),
considering that the second line in the latter (which is
absent here) vanishes, as explained above. Therefore, we
are left to show that κ2 = 0, so that κsc defined here [and
in Eq. (56)] becomes identical to the result (43) found
above [starting from Eq. (C1)].
To show that κ2 = 0 we use Eq. (B5) to write Re[C00],
finding that it is comprised of two terms which are pro-
portional to the two quantities, respectively,∑
n,m
vnRe[Dnm]vm,
∑
n,m
vnRe[D
′′
nm]vm, (C4)
where vn = (V
0
n )
3/2 ∝ g3n. If vn was proportional to
the cavity-mode profile
√
V 0n ∝ gn ∝ u1,n then we
would be done, using the vanishing of the quantities∑
n,m gnRe[Dnm]gm and gm
∑
n,m vnRe[D
′′
nm]gm, as ex-
plained above using the condition (20a). However, re-
call that every mode whose transversely confined pro-
file matches the cavity modes, should also satisfy condi-
tion (20a). Since vn, as a higher power of the Gaussian
mode gn, vastly overlaps with cavity-confined modes, it
should approximately satisfy (20a) as well. From here,
we can show how the quantities in (C4) are also vanish-
ingly small, leading to κ2 = 0.
3. Second-order optomechanical coupling g2
For the evaluation of g2 = −Im[C00], we use Eq. (B5)
to find
Im[C00] = g¯η
2
[
sin2(qz0)− cos2(qz0)
]∑
n
(V 0n )
3
+ g¯η2
sin2(qz0)
q2(δ −∆)
∑
n,m
vnvmIm[D
′′
nm], (C5)
with vn = (V
0
n )
3/2. For the first line, we convert the
sum into an integral (w  a) finding ∑n(V 0n )3 = 43 a√piw ,
whereas the second line is negligible as we explain below.
This yields g2 from Eq. (54).
To estimate the second line, we approximate the dis-
persive, near-field-dominated part of the Green’s function
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by that of free space, Im[D′′nm] ≈ Im[∂2zDfsnm]. Using the
representation of the free-space Green’s function (A2) in
transverse 2D Fourier modes (see e.g. Ref. [42], Eqs.
2.118 and 2.84),[
Gfs(r)
]
ij
= i
∫
dk⊥
(2pi)2
eik⊥·r
eikz|z−z
′|
2kz
(
δij − kikj
q2
)
(C6)
with kz =
√
q2 − |k⊥|2 and where ki = k · ei is the
projection of k = (k⊥, kz) along i ∈ {x, y, z}, we find∑
n,m
vnvmIm[D
′′
nm] = −
3
4
γλN
×
∫
dk⊥
(2pi)2
v2k⊥Im
[√
q2 − |k⊥|2
(
1− |k⊥ · ed|
2
q2
)]
.
(C7)
Here vk⊥ = (1/
√
N)
∑
n e
−ik⊥·r⊥n vn is the Fourier trans-
form of the paraxial profile vn, which is only significant
at small wavenumbers |k⊥|  q. On the other hand, the
expression inside Im[...] is non-vanishing only if the ar-
gument inside the square root
√
q2 − |k⊥|2 is negative,
requiring |k⊥| > q, in contrast to the restriction |k⊥|  q
imposed by vk⊥ . Therefore,
∑
n,m vnvmIm[D
′′
nm] in Eq.
(C7) is vanishingly small and so does the second line in
(C5).
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